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ABSTRACT
rhis report describes a study of variables affecting 
cne flexural ductility of simply-supported sing./- 
reinforced concrete beams subjected to a concentra e
redistribution of moments in the vicinity o ulti --
initial tests were made to establish the section geometry 
and percentage of steel to be used subsequently^ rne
rotation capacity. An assessment of the influence of 
sectional widtn was also made.
Although Shear reinforcement must ensure that the strength 
in shear must exceed the strength in flexure, the tests 
suggested that binders alone . without compression rein­
forcement. do not nave a beneficial influence on rotation
capacity.
, or per­
centage of tension steel « yield stress decreases, the 
inelastic rotat.on and rotation capacity increases.
Potation capac seems not to be a function of the soan-
to-depth ratio. ...hough if span decreases the inelastic 
rotation and rotation capacity seems to increase.
Although it was not possible in a six-month project to reach 
definite conclusions, a number of interesting and important 
features were observed during the project.
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CHAPTER 1
INTRODUCTION
In order to establish the extent to which the concept of 
plastic theory may be applied to the analysis of rein­
forced concrete structures, a greater understanding of 
the inelastic response of reinforced concrete is necessary. 
Both limit design of structural concrete and plastic 
design of structural steel are based on the inelastic 
behaviour of structures at high loads. The inelastic 
behaviour results in a readjustment of the relative mag­
nitudes of internal moments and forces at various points 
within a structure; but these two design methods differ 
in an important aspect.
The plastic design methods for structural steel concen­
trate on the formation of a sufficient number of plastic 
sections to transform all or part of a structure into a 
mechanism and therefore causes its collapse; but little 
attention is given to the magnitude of the strains at 
the individual yielded sections as redistribution of mo­
ments proceeds. The strain at maximum stress of concrete 
in compression in a reinforced concrete member is smaller 
than those which develop in a mild steel member. Conse­
quently, it could occur that the strain capacity of a 
reinforced concrete yielded section is exhausted oefore 
full redistribution of bending moments takes place. It 
is this reasoning that makes it necessary to consider the 
deformation of the yielded regions in any theory of limit 
design for structural concrete, and more specifically to 
limit their rotation to known safe values.
While the inelastic flexural behaviour of reinforced 
concrete members and structures has been recognized for 
a long time, its adoption in design practice is still a 
controversial matter since the distrioutior, of moments in 
this phase are no longer proportional to the distribution
of moments in the elastic range. This is explained by 
the fact that, after cracking has reached a significant 
degree at one or more sections of a member, the moment 
that results from the application of additional loads 
is carried in greater proportion by the portion of the 
member that remains uncracked.
Once the ultimate moment of resistance is reached at one 
critical section of a reinforced concrete structure, the 
extent to which further load can be carried by the struc­
ture depends on the rotation capacity of that one critical 
section; provided that this one critical section is duc­
tile, moment redistribution will occur until a collapse 
mechanism is formed in that structure. Rotation capacity 
known as the ratio of inelastic rotation to elastic ro­
tation is an important parameter that indicates quanti­
tatively the behaviour cf the inelastic response as a 
multiple of the well known elastic response.
The investigation described in this report studies the 
influence of several variables on the rotation capacity 
of simply-supported singly-reinforced concrete beams 
subjected to a concentrated load at midspan. The analy­
sis of the results will lead to a better understanding 
of the inelastic response and therefore to the rotation 
capacity of reinforced concrete members in indeterminate 
structures. A full knowledge of rotation capacity will 
eventually lead to inelastic design methods which will 
reflect as closely as possible the actual behaviour of 
reinforced concrete structures.
In the second chapter a description is given of the basis 
for quantifying ductilit. of re inforced-concrete members, 
as well as a discussion of the results of earlier research 
on this subject. The fourteen tests which were undertaken 
in this project are described in Chapter 3. Four of the 
tests were aimed at assessing the effect of binders, five 
of the tests enables an assessment to be made of the
influence of span and three tests were used to assess 
the influence of the strength properties of reinforcing 
steel. The remaining two experiments of the total four­
teen are the control tests.
The results are analyzed and discussed in Chapter 4 
and fie conclusions summarized in the fifth chapter.
'4
CHAPTER 2
FLEXURAL DUCTILITY OF CONCRETE MEMBERS
2.1 INTRODUCTION
Ductility has been considered a main factor in­
fluencing rotation capacity of yielded zones, and 
also governs the redistribution of moments in a 
structure.
In general terms, ductility of a concrete section 
is the ability to deform beyond the elastic range 
without major alteration of its resistant capacity.
In order for reinforced concrete members to undergo 
large deformations and rotations for loads near to 
'ailure, limitations on the percentage of reinforce­
ment and geometry of the members become necessary.
a  typical element of a reinforced concrete member 
is illustrated in Fig.2.1, where the radius of 
curvature R , the neutral axis depth C , concrete 
strain in the extreme compress ive fibre c ,
and tension steel strain e will vary along the 
member due to the fact that the concrete will carry 
some tension between the cracks in the member.
Considering a small element of the member, and 
using the notation of Fig. 2.1, the rotation that 
occurs between the ends cf the element is given by:
2 . 2 MOMENT-CUR'- AT'jPE RELATIONSHIP
2.2.1 Curva‘ >f a member
c c
d <
R
cd x
C
sdx
d- c
1
R c
i
s
= - e + c
c s 
d
Eqn.2.1
C d -c
5
«*
7~ a
£!»m#n! o< m em txf S tnm  aisir.bunon
F I G U R E  2.1 D e f o r m a t i o n  of a f l e x u r al m e m b e r
(Refer to Bibliopraohv:Park9)
where p is the curvature at the element 
d is the effective depth.
If strains are measured at two levels of a section 
of a reinforced concrete beam, the curvature can 
be calculated from Eqn.2.1 permitting the moment- 
curvature relationship for the section to be ob­
tained, as the bending moment is increased to 
failure.
Fig.2.2 shows two moment-curvature relationships 
for singly reinforced beams failing in tension 
and compression. I oth curves are linear in the 
initial stages for which the flexural rigidity of 
the section can be obtained by applying Eqn.2.2
El = M . R $e M Eqn.2.2
0
where M = moment
0 = curvature
El = flexural rigidity
With increase in moment, cracking of the concrete 
reduces the flexural rigidity of the sections. 
This decrease of rigid it) is greater for 
lightly reinforced sections than for the more 
heavily reinforced sections.
A-
Moment
Section
Moment
w
Unit tnq th
F ir it yield o l iteel
Crulhmg o l conefete 
commence! Oe'ore 
steel y ie lo i
lUnconf net) concrete!
Ul <h\
FIGURE 2.2 : Moment-Curvature relationships for 
singly reinforced bear sections (a) Section failing 
after yielding of the reinforcement, p< pb .(b )
Section failing in compression P > Pb .(Refer to Bibliography
--------------------------------------------------------- ^  Park9 ) t
Lightly reinforced sections have practically a 
linear relation between moment and curvature up to 
the point at which the steel yields as shown in 
Fig. 2.2a. As the steel yields, a large increase 
in curvature occurs as the bending moment rises 
slightly due to a small increase of the level arm 
and strain hardening and finally for the last stage 
of the curve the moment continues to decrease.
Heavily reinforced sections, as in Fig 2.2b, show 
that the moment-curvature relation becomes non-
linear when th concrete enters the inelastic part 
of its tress-strain relationship and failure can 
be ou te britt inluv; the concrete is appropriately
»inforcement.
t th. c oncrt- i; no * confined, it crushes at a
■ e t- "ie steel yields, 
in the moment-carrying 
pact' . niui ductile behaviour, steel con-
' t f i '6 i mited by various codes.
for a beam, in which
'h tension steel yielos, can be idealized to a 
- ■ near relationship as presented in Fig.2.3a 
h h r stage ends at cracking of the con­
crete. th, second stage at the yielding of the 
tens O ' n t e l ,  and the third stags at the limit 
f the train i the concrete.
M
(at
1 . = X I d e a l i z e d  moment-curvature curves for a 
m g l y  reinforced section failing after yielding of 
nfnrcement. (Refnr to Bibliography: Park
It is ofti 
curvatur 
:
the aimplifie 
adopted .
Theoretical Moment, and Neutr aj a_> ■- , kat 
Curvature.
For the calculation of moment-curvature c irvo. 
for reinforced concrete sections, .t :> assume^ 
that plane sections before bending remain plan, 
after bending, and that the stress-strain curve 
for concrete and steel are known. Given a maxi­
mum concrete strain for the extreme fibre 
compression, and an assessment of the depth o* 
the plastic neutral axis required for the concret 
to resist the yielded forces in the reinforcement, 
it is possible to calculate the maximum curvatur 
to be adopted for this curve.
This maximum curvature is divided into a number 
of small increments, and for each increment a dept 
of neutral axis is assumed. The strain is deter­
mined at increments of depth over the section and, 
from the material stress-strain properties, the 
resulting axial force and bending moment across 
the section is determined. For a beam not sub­
jected to axial force, the neutral axi^ a ad us t o  
progressively until the net axial force across th; 
section is negligible. Once this condition of 
equilibrium has been reached at a particular
t u r
and the resulting bending moment of internal force: 
may be used to plot the relationship between moment 
or neutral axis depth and curvature. The trial and 
error calculations .nvolved in this process are 
lengthy and therefore it is convenient to undertake 
them using a digital computer. An example of
M O M E N , &
RAT IC5
n
CURVATURE X DEATH X I Z - 3
FIGURE 2.4
MOMENT AND NEUTRAL AXES HE . iT RATIOS VS. CURVATURE
T
U
t
/moment and neutral axis ratios vs. curvature is 
illustrated in Fig.2.4 corresponding to a cross- 
section with steel percentage of 1,571%.
The idealized non-dimensional stress-strain curve 
for concrete in compression under short-term 
duration loading used in evaluating this theoreti­
cal moment-curvature relationship is as prooosed 
by CEB-FIP1 cooe shown in Fig. 2.5a, and is re­
presented by the following function :
°c _ K - - n : Eqn.2.3
f ' i *(K-2 ) "n 
c
where °c = concrete stress at strain ce in N/mm* 
fc = strength )f a concrete cylinder of 
diameter 150mm in N/mm'
n = c
'»I if'der
 • >^P»
  . 30MPa
. JCMPao,«
o.i
I 1 4
« 11 • J
:Concrete stress-strain .curves (Refer to Biblioarac
m.iximum strain in axial compression (avera 
of 0, 3022 adopted in calcualt ions)
d
K 1 . 1 x E x c
'%  -< ^  i
11
5TRE55 
RFT I D
strain raroeririg
i .ea
a.
BH,
a.Kj
03w
S T R A I N  X I 0 - 3
FIGURE 2.5b : IDEALIZED STRESS RATIO-STRAIN CURVE FOR STEEL
ly
= secant modulus of elasticity = 9,5(f^ ) 3 kN/mm2
The stress ratio - strain curve for concrete in 
tension was also taken into account although its 
influence is small and almost negligible. A 
linear relationship is adopted up to failure at 
which the maximum tensile strength according to 
CEB-FIP is :
fct = 0,3 f /' Eqn.2.4
The idealized stress ratio-otrain curve for the 
steel is shown in Fig. 2.5b, high strength steels 
used exhibited a well-defined yield point whereas
the mild steel did not. The modulus of elasticity
2
of the steel, according to the CP110 code, is 
defined as 200GPa up to the yield point; after which 
measured hardening is taken into account.
DUCTILITY OF UNCONFINEO BEAM SECTIONS
Although unconf inea reinforced concrete beams are 
unusual in practical conditions, concrete is general­
ly considered to be unconfined unless special 
beneficial measurements are taken to confine it by 
means of transverse reinforcement.
In the design of structural sections in flexure, 
it is common practice to evaluate tra ultimate 
moment of resistance of a reinforced concrete 
section on the basis of a rectangular stress block 
in compression, which has the same stress resultant 
located at the same level as the actual stress 
distribution.
The curvature, neutral axis depth, and moment of 
resistance at the ultimate strength for a reinforced 
concrete beam can be calculated using the equations 
derived from the concepts of compatibility of strains 
and equilibrium of forces.
Fig.2 .6 illustrates a general case of a doubly 
reinforced concrete beam in flexure The equations 
defining neutral axis, moment and curvature are :
At first yield : (Refer to Bibliobraphy: Mattock9 )
c = { [( P - p 1 )1 n 1 + 2(P -  P ' 2 1 ' n ) /z -(p+p')n)d E
y d
f =y ‘
C >  np ' (1-d ’ 7c_ ) • Eqn . 2 . 6
2d
M = 1 f x C x b(d-C ) + A' f  (d-d') Eqn.2.7
y P cy y _x_ s s
3
f ’ S * fcyn( Eqn.2 .8
y
0 = c /(d-C ) Eqn.2.9
y y y
where :
0  ^ = distance from extreme compressive fibre
to neutral axis that satisfies force 
equilibrium at first yield of tension 
steel
f^ = yield stress of tension reinforcement
f = maximum concrete compression stress at
Cy
yield of tension reinforcement
A^ * area of tensile reinforcement
A ' = area of compressive reinforcement
b * width of rectangular section
p » tensile steel ratio, A^'bd
p ' = compress ive steel ratio, A 1„ /bd
n » ratio of modulus of elasticity of steel
to that o concrete, E /Es c
d 1 = distance from extreme compress ive fibre
to centroid of compress ive reinforcement 
f ' * stress in compression reinforcement
M = moment at yield of tension reinforcement
14
= steel strain at commencement of yield
t> ^ = curvature at commencement of yield of
the tension reinforcement.
0  8 5 / :
/,
k.i
Strain
Ul t*>
D o u b l y  retnl'oreeU fcxam ><xtion with flexure ( u l  At ftrst y ie ld  ( b l  A t  ultimutc.
FIGURE 2.6: DouDlv reinforced beam section with flexure
9
(Refer to Bibliography: Park ).
g
At ultimate strength : (Refer to Bibliography : Park ).
a = a f - A' f Eqn 2.10
s y s y
0 ,8 5f'cb
m = 0,8 5f' ab(d-a) + A' f (d-d') 
u c g s y
Eqn.2.11
Cu = a/B, Eqns.2.12 and 2.13
where 
a *
M *
depth of the equivalent rectangular stress 
block
ultimate moment of resistance
distance from extreme compressive fibre 
to neutral axis at ultimate strength 
curvature at ultimate strength
reduction factor equal to 0,85 for f^^27,6MPa 
which reduces continuously by 0,05 
for each 6,89MPa of strength in excess of 
27,6MPa
e = steel strain at commencement of yield
6 y = curvature at commencement of yield of
the tension reinforcement.
0 85/;
T
j
l
1
T
U) 1*1
D o u b l y  mnl'erceU beam >ettion »uh llexurc ui Ai first yie.d (/>) At ultimate.
FIGURE 2.6: Doubly reinforced beam section with flexure
g
(Refer to Bibliography: Park ).
g
At ultimate strength : (Refer to Bibliography : Park ).
a = A f - A' f Eqn 2.10
s y _ 9 V
0 , 85 f 'c b
M I- d ')
u c 2 s y
Eqn.2.11
a 8 - Eons.2.12 and 2.13
where 
a =
M e
depth of the equivalent rectangular stress 
block
ultimate moment of resistance
distance from extreme compressive fibre 
to neutra axis at ultimate strength 
curvature at u 1 imate strength
reduction factor equal to 0,85 for f '*27,6MPa 
which reduces continuously by 0,05
for each 6,89MPa of strength in excess of
27,6MPa
r15
Therefore the ductility ratio fc. - section may be
written as ,— — --------------
0 e (d-C ) * o*850i£s c^'c Tl +(p+p')n -/(p+p')* nl + 2 fp^P_b V
V y 5 y L Pqn. 2.14
According to this formula as illustrated in Figs.
2.7 and 2 .8 . it is possible to appreciate the
influence of the following variables on ductility:
_ An increase in the percentage of steel in tension 
decreases the ductility, because both K and a 
are increased, therefore 0 y increases and <$u 
decreases.
_ An increase in the percentage of steel in
compression in reases the ductility.because both 
K and a are decreased. therefore dec reases 
and increases.
- As a result of an increase of the yield strength
of the steel, the duitility decreases since both
f '/E and a are increased causing d to increase 
y S J
and 0 u to decrease.
_ The ductility is increased as a result of in­
creasing the strength of the concrete because 
both K and a decrease causing d v to decrease and
d to increase. 
u
- If the concrete strain at the extreme Fibre of 
compression increases, the ductility increases 
since d(j increases.
According to Cohn* , the principal factors affecting 
the ductility of a reinforced concrete section are 
classified as : Material, geometrical and loading
variables.
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Material variables take into consideration the 
concrete quality, grades of tension and compressi r  
reinforcement, strength of lateral reinforceme.' , 
strain-hardening of steel, bond and tensile strong: 
of concrete.
Geometric variables cons der the shape and size c 
sections, percentage of tension and compressior 
reinforcement, amount and spacing o 4 * ransvc-’ 
reinforcement and cover thickness of concrete to 
steel.
Finally the loading variables include the dure ::- 
■g, axial loading, prestre 
of loading and loading reversal.
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FIGURE 2.9: Effect of concrete and steel grades or 
steel percentages on ductility : M-0 diagrams. 
(Refer to Reference: Cohn 3 )
Figure 2.9 shows that ductility, as a ratio of 
ultimate to yield curvatures, increases as a result 
of increasing the concrete strength or decreasing 
the strength of the longitudinal reinforcements, 
independent of the percentage of steel in the sec­
tion.
Ductility increases for lightly reinforced sections 
when strain-hardening is taken into consideration, 
but its effect on heavily reinforced sections is 
small and negligible, as can be seen from Fig.2.10
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FIGURE 2.10 Effect of strain-hardening of steel on 
ductility: 0 /0 -p diagrams.(Refer to =?ef erence: Cohn
3
From Fig.2.11 which is for singly reinforced sec­
tions with nominal amounts of lateral reinforcement, 
it can be seen that although for low re inforcement 
percentages fairly hich ductility ratios are reached 
by most concrete and steel strengths, this ratio may 
be as low as 2,5 for some steel and concrete strength 
as p reache th< Lmum value specified 
In this figure each curve has a little arrowhead 
attached to it which corresponds to the maximum 
percentage of tensile reinforcement (pmax).
The tensile strength of concrete has almost no 
effect on the ductility since moment-curvature 
relationships for sections that included and ne­
glected tensile strength of concrete have been 
found to be almost identical.
Among the geometric variables the percentages of 
tension and compression reinforcement are the most
important; the ductility of a section increases 
as the amount of tension reinforcement decreases. 
This is confirmed in F i g .2.12 which shows that 
almost no ductility is available for sections with 
very high steel percentages, this is precisely why 
many codes impose an upper limit on the a" )unt of 
tension reinforcement to be used in design.
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Fig 2.13 shows that an increase in the percen­
tage of compression reinforcement increases 
significantly the ductility of the section for
a given strength of concrete and steel.
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FIGURE 2.13 Effect of Compression reinforcement on ductility 
-------- - M -0 diagrams (Refer to Reference : Cohn3 )
Ductility can be improved by decreasing the
spacing and increasing the amount of lateral
reinforcement as shown in Figs. 2.14, 2.15 and
2 . ,6 .
The effect of duration of loading on ductility 
is not very significant according to Fig.2.17.
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FIGURE 2.14 Effect of tie spacing on ductility M-U diagrams. 
(Refer to Reference: Cohn3 )
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EFFECTS OF CONFINING i HE l.QNCRF.Jj:
The ductility of a reinforced concrete member may 
be significantly increased by means of confining the 
compressive zone by closely spaced transverse rein- 
fo rcement.
At low levels of compressive stress, the effect of 
transverse reinforcement is negligible since the 
strains in the concrete are very small; hence the 
concrete is unconfined.
At higher compressive stresses, near uniaxial 
strength, the concrete is under progressive internal 
cracking because its strains increase rapidly and 
therefore the concrete expands against the trar.o- 
verse reinforcement. At this point, the stress- 
strain properties of the concrete improve because 
the lateral reinforcement applies a triaxial con­
straint to the concrete, allowing the member to 
increase its strength.
Fig. 2.18 illustrates a number of tests reported oy 
Base and Read \ that indicate the beneficial effects 
of confinement by transverse reinforcement on the 
ductility of reinforced flexural members.
Confinement has a greater effect on heavily rather 
than on lightly reinforced concrete beams, since the 
latter already has adequate ducility. Concrete may 
also receive some confinement from the loading and 
supporting conditions. Figs. 2.19 and 2.20 contain 
results of investigations by Chandrasekhar" which 
indicate that a loading plate introduces a confining 
effect on the failing concrete zone under the plate 
which affects the deformations and the carrying 
capacity of flexural members. Several beams with a 
cross section of 1 0 1 ,6mm x 152,4mm were loaded 
through steel plates having widths varying from wi 
(6 ,4mm) to W5 (152,4mm). It was concluded
8*»m  9 m helicet w ith  2 in yitc*' 
3fam 10 j m itif'uoi »t 8 m center? 
9e»m  11 J. m j t i r r u p u t  2 m center? 
Beam 16 ^  n nelice? .vith 2 m pitch 
8e,)m 17 j  in ?t f  rup? at 2 in center?
0 05 0 10
Total rotation between tupport point? rad
let
0 15
in C o m p r e s s i o n .  (Refer to Reference : Base and Reaa )
that the width of the loading plate significantly 
influences the rotation capacity, which was con- 
sideracly reduced when loads were applied to tes- 
oeams through narrow oearln, plates. Never.he.e 
„hen the bearing stresses to which the concrete 
under the plate is subjected are small (less 
than 0 ,10f c ) then this influence is not sigmfic.in .
Another important point to be mentioned is the fact 
that the presence of strain gradient along tt-e 
length of a flexural member also confines the con­
crete at its critical section. Because the strains 
change rapidly with the length of the member due to 
different bending moments along the member or due 
to a shallow neutral axes depth, the highly stressed 
concrete at critical sections will receive confine­
ment from the adjacent less highly stressed sections
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f l e x u r a l  r o t a t i o n  of a MEMBER
Since the curvature is defined as rate of cnange of 
rotatior with length of member, the total rotation for 
the entire length of a member is gi-.'n by the integra­
tion of the curvature for the entire length of the member.
In Fig.2.21 Burnett displays the curvature distribution 
for a member reinforced with mild steel, which is 
likely to occur in the following loading stages :
A : well before yield of steel 
B : At first yield of the steel 
C : At maximum strength of the member 
D : At a stage where the critical section may be 
considered to have ruptured.
It is extremely difficult, if not impossible, to 
predict the value of the precise curvature at or 
very near to the critical section after the steel 
has yie'ded.
The rotat ion over a portion of memoer depends not only 
on the properties of the member at that critical 
section puc also on other factors such as : loading
distribution; length of member, position of the 
member in the structural system, i.e. amount of 
fixity, etc.
The first moment-area theorem, a semigraphical method, 
may be used to calculate the rotation for a simply 
supported memoer undf"' a central point load; this 
theorem established that the rotation between any 
two points on the elastic line or deflection curve 
of a member is equal to the total area of the cor­
responding portion of the bending moment diagram
u
where dx = element of length of the member 
d = curvature at the element
Eqn . 2.15
7
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FIGURE 2.21 CRVATURE DISTRIBUTION FOR LOADING STAGES A.9.C and 0 
(Refer to Reference : Burnett7 ).
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between these points, divided by the flexural 
rigidity (El).
Replacing the curvature e) by M in Eqn. 2.15, 
the following expression is obtained :
1
9 M dx 
El
Eqn.2.16
o
The establish me r 0- the precise flexural rigid!:y 
to be used remain? a major problem since the flexural 
'igiditv is not constant throughout the total length
of any loaded member.
bracks in members appear at very early stages and 
it these crackec sections the tension is carried 
>v the steel reinforcement.
;ome tensile stress is carried by the concrete 
•etween the cracks due to the effect of bond stres­
s' s that transfer some tension from the steel to 
the concrete. It is the bond stresses that deter­
mine the tension stresses in the concrete and steel 
oetween tta cracks. Fig. 2.22 shows tKe effect of 
cracking of a reinforced concrete beam on its 
flexural rigidity.
t.h- M e x u r a 1 rigidity fluctuates between cracks, 
h urvature also fluctuates along the member.
nee curvature is inversely proportional to fltxu- 
al rigidity, each peak of a typical curvature 
; stribution curve will correspond to a cracked
in the member. The choice of a meaningful 
• uxur I rigidity,vital to the calculations, has been 
variable discussed by Burnett , and the major re- 
ulte emphasized in h work can be seen in Fig.
.23. This figure illustrates a comparison be­
tween th actual curvature distribution over a 
member at yield, with other curvatures calculated 
with different flexural rigidities.
#
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FIGURE 2.23 Tre actual curvature distribution over the 
member at yielo compared with the equivalent elastic 
contributions calculated for the foil owing values of 
flexural rigidity (Refer to Reference : Burnett ) .
(1) Fr m a x . based on the "uncracked" behaviour of th;
member.
(2) Fr mean based on the overall behaviour of the membe,
(3) Fr min. based on the behaviour of the crit. ica. set it
Where f r * Flexural rigidity : F^-EI
cer.tnwi Wwemof •nvlvwent
FIGURE 2.2a Curvature distr ution near the suppon 
section of a member with fixed ends after yield hat 
occurred: (Refer to Reference : Burnett" |.
(1) Elastic curvature distribution based on Fr m a x .
(2) Elastic curvature distribution based on mean 
Where F^= Flexural rigidity = F"r= El
If the uncracked flexural rigidity is to be used in 
the calculations for curvature, then small values 
are obtained, which are much less than those which 
actually occur.
On the other hand, if it is proposed to use the 
minimum value for the flexural rigidity, the results 
for curvature, and therefore rotation, will be 
overestimated.
If the mean flexural rigidity based on the overall 
behaviour of tne member is used then,for the vicinity 
of the critical section, the actual curvature is 
greater than that calculated with the mean flexural 
rigidity.
The areas under the curves 1,2 and 3 in fig 2.23 
represent the elastic rotations calculated on the 
basis of these maximum, mean and minimum flexural 
rigidities.
The main advantage of including the inelastic 
behaviour of a concrete member in its structural 
design is that tne strength of tne members can in­
crease above that calculated by the elastic theory. 
This additional strength is limited mainly by the 
rotation capacity of the member.
A fundamental assumption for the purpose of design 
is that the inelastic rotation may be considered to 
be concentrated at critical sections. The validity 
of this assumption is dependent on the spread of in­
elastic effects over the member.
Fig.2.24 illustrates the curvature distribution at 
the end of a f ixed-end beam under some general type 
of load, at a time when yielding has aireacy occunned.
This figure shows that the spread of elasticity 
is much greater if the uncracked value for flexural 
rigidity is used than that when the mean value is 
used; this is because the distance from the centroid
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of the inelastic area is further from the critical 
section, therefore when considering inelastic 
rotation concentrated at critical sections, the 
use of the uncr;eked value rather than the mean 
value for flexural rigidity would create an appre­
ciable error.
The use of the correct value for flexural rigidity 
of members is much more critical in ultimate 
strength theory than it is in a conventional elastic 
theory.
Assuming that the curvature for a small region of 
a hinged zone is constant and equal to the difference 
between ultimate and yield curvature, the plastic 
rotation can be calculated as
where lp = hypothetical length of the member 
over which a uniform inelastic 
curvature is assumed to be spread, 
creating an equivalent rectangle with 
an area equal to the value of the 
inelastic rotation for half span of 
the beam.
0U = curvature at ultimate strength
0 = c
u cu
X
cu = neutral axis depth at ultimate
0 = curvature at yield of steel c
d-C y
the plastic rotation can be rewritten as
u
u Eqn.2.17a
y
C
ecu
u
Eqn.2 .18
Use is made subsequently of this hypothetical 
length ip to compare the experimental results with 
other results and equations established by Corley 3 
and Mattock 9 . In fact it would make more sense 
to create an equivalent triangle instead of a rec­
tangle and then Eqn.2.17a would be rewri tten as
G , = ( u ddl = y, (0 -0 ) I Eqn. 2. 17bpu J u y p
where 1 = length of the member over which
the hinge is assumed to be concen­
trated.
g
From the analysis of Figs. 2.25 and 2.26, Corley 
shows the effects of the binding reinforcement and 
depth width ratios on the maximum concrete compres­
sive strain; he proposed that tne maximum compres­
sive strain be calculated as
*cu = 0,003 * 0,02 i \K J 1  Eqn.2.19b -i-fp"
2 v— y
where p = binding ratio expressed as the ratio 
of the volume of the binding rein­
forcement (one stirrup plus com­
pressive steel) to the volume of the 
concrete bound(area enclosed by one 
stirrup multiplied by the stirrup 
spacing).
fys* yield point of the stirrup steel
2 = distance between the points of zero
and maximum moment, 
b - width of beam
9
In a discussion of Coley's paper, Mattock , 
proposed that the maximum compressive concrete 
strain be calculated using a slightly modified 
version
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FIGURE 2.26 Effect of b/z Ratio
(Refer to Reference : Corley ).
This was done to make calculations easier and also 
to be more conservative for high values of p " .
Mattock also suggested that, according to the 
terminology of Corley's paper, the effective 
hinging length may be Calculated reasonably follo­
wing the trend indicated in Fig.2.27 where
1q = 0,5d + O.ObZ Eqn.2.21
8
One of Corley's principal variables investigated 
was the effect of size on rotational capacity in 
critical regions in reinforced concrete beams. To 
isolate the effect of size, beams with the same 
amount of binding were compared because stirrups 
show a pronounced influence on the rotational capacity. 
Since rotation depends on curvature and curvature 
is the ratio of maximum concrete compressive strain 
to neutral axes depth, the influence in size was 
established by a comparison of the maximum concrete 
compressive strain for beams with similar width to 
half soan ratios and similar amount of stirrups.
Taole 2.1 illustrates that although average values 
indicate there is a trend for slightly more concrete 
strain with smaller size, the smallest maximum 
strains are quite similar. Corley concludes that 
the direct effect of size on rotational capacity 
is not significant but he points out that there is 
an important indirect effect which is that, for design 
purpose, shear reinforcement requires closer spacing 
of stirrups with decreasing beam depth and therefore 
the maximum concrete compressive strain of a small 
beam may be greater than that of a larger beam of 
similar design because of concrete confinement.
1
CEB-cooe recommends permissible local plastic 
rotations which are shown in Fig. 2.28 and which 
relate the angle of plastic rotation to the c d 
ratio where c is the height of tne plastic neutral 
axes. this diagram by the CE8 commission on
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FIGURE 2.27: Variation of effective hinging, lp , with
aistarce from section of maximum moment to section of 
zero moment, z . (Refer to Reference : '• a 11 o c k 3 ,i .
Beam depth, 
in inches
Smallest maxi­
mum strain
Average max i- 
mum strain
Beams included 
in average3-
10 0,007 0,013 A2,A5,C2,C5,E?., 
F2,K6,K8
20 0,011 0,015 81,83,01,03,G1,G3
24 0,007 0,010 M l ,M3,M6,M8
30 0 ,006 0,008 N 1 ,N3
a Tests on beams in Series A ,B ,C,0 ,E ,F & G are reported
by Mattock
TABLE 2.1: Comparison of measured maximum concrete 
compressive strain for beams with similar amounts of stir­
rup steel . (Refer to Reference : Corley9 ) .
hyperstatic structures does not include the 
beneficial effect of confinement of concrete.
The influence of breadth is considered to be ano­
ther important aspect affecting rotation and this
effect has been studied by Clements by testing a
series of simply-supported under-reinforced beams.
The results of these tests were plotted in Figs.
2.29, 2.30 and 2.31 which indicate that there is
a trend for an increase of the steepness of the
falling branch as the ratio lb} decreases.
! h I
V, 0  04
0 02
lb )
FIGURE 2.28: Permissible local plastic rotation
disregarding confinement • (Refer to Bibliography: Kong )
10
Also from Fig. 2.32 Clement s shows that, apart 
from the beneficial effect on rotation of in­
creasing sectional breadth, another aspect which 
opens new perspectives can be seen slightly and 
that :s that very wide beams, more like slab-type, 
show a greater rotation.
effect has been studieo by Clements” by testing a
series of simply-supported under-re inforced beams.
The results of these tests were plotted in Figs.
2.29, 2.30 and 2.31 which indicate that there is
a trend for an increase of the steepness of the
falling branch as the ratio jbl decreases.
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FIGURE 2.28: Permissible local plastic rotation
disregarding confinement. (Refer to Bibliography: Kong7 )
10
Also from cig. 2.32 Clements shows that, apart 
from the benefiiialeffect on rotation 0f in­
creasing sectional breadth, another aspect which 
opens new perspectives can be seen slightly and 
tnau is that very wide beams, more like slab-type, 
show a greater rotation.
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CHAPTER 3
E X P E R I M E N T A L  P R O G R A M M E  
TEST S P E C I M E N S
F o u r t e e n  s i n g l y  r e i n f o r c e d  c o n c r e t e  b e a m s  were 
tested up to failure; these s p e c i m e n s  were 
s i m p l y - s u p p o r t e d  b e a m s  s u b j e c t e d  to a c o n c e n ­
t r a t e d  load at m i d s p a n . Fre e  r o l l e r s  were 
used to supp o r t  the test b e a m s  at each e n d .
The half span of a s i m p l y - s u p p o r t e d  bea m  may 
r e p r e s e n t  that part of a c o n t i n u o u s  bea m  b e ­
tween a supp o r t  and an a d j a c e n t  point of 
c o n t r a f l e x u r e , as shown in F i g . 3.1.
0 ,*l; ibwl'om 
N#of # 8eo<r Suco o ' *
mg Memee* 0-eif em 
im T«»t 8»o*
FI G U R E  3.1
R e l a t i o n s h i p  B e t w e e n  dis t r i b u t i o n  of M o m e n t s  in the 
lest B eams and those near a supp o r t  in a C o n t i n u o u s  
B e a m . Refer to B i b l i o g r a p h y  : M a t t o c k S  _
In the t e s t s ,three m a j o r  v a r i a b l e s  are to be 
studied, and these are : the e f f e c t s  of binders,
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span-to-depth ratio, and type of reinforcing.
The concrete cylinder and cube strength were held 
approximately constant for all the beams.
For the design of beams with transverse reinforce­
ment, closed links perpendicular to the main ten­
sion reinforcement were used.
All the beams tested were 102mm wide except two 
which were both 153mm, to include the study of the 
effect of width. Other properties of the test 
beams are illustrated in Table 3.1.
3 . 2 MATERIALS AND FABRICATION OF SPECIMENS
3.2.1 Concrete
The fine aggregate used for the concrete was a 
coarse grained weathered granite, and the coarse 
aggregate was a 13mm quartz ite stone. Further 
details of the trial mix design, fine mechanical 
analysis for tne sand, aggregate grading analysis, 
and relative density of the sand can be found in 
Appendix 1 .
Standard 6 inch control cylinders and 150mm cubes 
were taken from each batch, and a total of 15 
cylinders and 3 cubes were made for each beam.
5 Cylinders were tested at 7, 14 and 28 days, and 
3 cubes were tested at 14 days at the same age at 
which the beams were tested.
During casting, the concrete was compacted by a 
hand held vibrator, and after 24 hours of being 
in moulds, the beams, cylinders and cubes were 
removed from their moulds and cured in air, wrap­
ped in wet hessian and covered with plastic bags 
and stored in a room where the environment was 
controlled to maintain temperature constant at 21°C .

The hessian was always maintained wet so as to 
keep the specimens moist.
The value of the mean cylinder strength of con­
crete at 14 days, as constant for all teams
except A 2 , was 21,6MPa; this value was obtained 
as the mean of all the average values for each 
beam. Each average value was the mean of the 5 
standard 6 inch control cylinders tested for each 
beam at 14 days.
For the purpose of design f'c = 21,6 and feu = 2 7 ,5MPA 
were used for all the beams exceot A2 since these 
values were the mean values giving a reasonable 
coefficient of variation of 7,9% and 7,3% respec­
tively. Only beam A 2 , which was tested at 59 days 
had a f ' c = 33,8 and feu = 42,4MPa.
Further details of strength of concrete at 7,14 
and 28 days can be seen in Appendix 1.
Steel
The tension reinforcement used for these test 
beams were high tensile bars (Y10), or mild ten­
sile bars (R 8 ) .
The R3 bars are hot-rolled bars of plain round 
cross-sect ion, and Y10 bars are hot-rolled de­
formed bars.
II
According to the S.A.B.S.920 , the R8 bars should 
have a yield stress of 250MPa. and an ultimate 
tensile strength of at least 430MPa; the Y10 
bars should have a yield stress or 0,25% proof 
stress of 450MPa and ar ultimate tensile strength 
15% higher than the ictual yield o^ 0,25% proof 
stress .
From the tests of steel in tension, the stress- 
strain cu^ve for a bar taken from each beam
was made ; and it was found that the Y1C bars had 
a mean yield stress of 551,8MPa, with a coeffi­
cient of variation of 1,5%; the R8 bars had a 
mean yield stress of 401,5MPa with a coefficient 
of variation of 8,2%. In the theoretical assess­
ments, each beam was given its measured value of 
yield stress.
The experimental stress-strain curves for the 
steel bars corresponding to each beam are shown 
in Appendix 2. The tension reinforcement stress- 
strain curve parameters are given in Table 3.2.
The tensile steel percentage (p), the balanced 
value of tensile steel percentage (pfc> ) established 
by ACI code, and the ratio (p/ph ) as a percentage 
are shown in Table 3.3.
The transverse r"einforcement used in the test 
beams were rectangular closed links of cold drawn 
indented wire with a diameter of 6,3mm and a very 
high yield stress of 642 MPa. Links were designed 
to comply with the requirements of the CP110 code 
for which the limiting value for the yield strength 
of the link is not to be taken over 425MPa which 
was the value used for the design.
Links when used were tied to the tension rein­
forcement by 1,25mm galvanised wire. After each 
reinforcement cage was fabricated, small pieces 
of steel were attached to the bottom to maintain 
the level of effective depth and to ensure a 
cover to the tension reinforcement during 
placing of the concrete. In addition two 
vertical hooks were located each at a reasonable 
distance from midspa: in order to maintain the
level of effective depth while casting and also 
to be able to carry the beams.
Each beam was cast in a metallic mould using a 
total of three batches, and from each batch, 5
BEAM fyMPa
Es
GPa
E ' 3 
MPa
c sH 
xlO-4
A1 550 211,5 4480 156
A2 550 203 4552 169
B1 551 208 4379 140
82 550 203,7 4616 149
83 567 193 4619 174
34 561 200,3 4515 179,2
01 562 202 4584 165
02 543 186 2341 ,33 76
03 550 167 4549 126
04 551 203,8 4176 125
05 535 194 4584 120
01 4.25 212,5 2387 123
02 378 189 2493 40
03 I 552 190,3
i
4144 156
fy Yield sti ess in MPa
Es = Modulus of Elasticity in GPa
E's = Modulus of strain hardening in GPa
esH = Strain at beginning of strain hardening
TABLE 3.2
BEAM P
%
Pb
%
-£-(%)
%
A1 1 ,232 1 ,469 83 ,88
A2 1 , 84 2,293 80,25
81 1 , 25 1 ,465 85,33
82 1 ,25 1 ,469 85,10
83 1 ,21 1 ,404 86,19
84 1 ,24 1 ,426 86 ,94
C1 1,19 1 ,422 83,66
C2 1 ,22 1 ,406 86,79
C3 1 ,24 1 ,469 84,42
C4 1,16 1 ,465 79 , 19
C5 1,18 1 ,530 77,12
01 1 , 54 2,14 72,12
02 2,33 2,518 92,54
03 1 ,81 1,46 1 123,69
p = Tension steel ratio: As/ba
= Steel ratio at balanced ultimate
b
strength cc ditions in a beam with­
out compression reinforcement 
according to ACI code
TABLE 3.3
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cylinders and 1 cube were made, the entire pro­
cess was completed in a single operation lasting 
75 minutes.
3.2.3 Instruments
Some of the main instruments and items involved 
in the experiments can be seen in a diagrammatic 
representation of the test specimen in Figure 
3.2.
Two inch demountable mechanical strain gauge(demec), 
three deformation dial gauges : Baty : 0,01mm - 
20mm; and rotation gauges over a length of 100mm: 
Mitutoyo : 0,01-i0mm N o .2048 were used for 
recording main results.
The tests were carried out under the general 
set-up shown in Figure 3.3
FIGURE 3.3
A small rectangular softboard 10mm high was 
located at the supports to distribute the 
react ion smoothly and thereby avoid concentration
f otr'e. ye . Underneath the soft board was a 
',tee.l. plate 25mm wide and 10mm high also for the 
purpose of distributing the pressures equally. 
rhe thickness of the steel plates used in the 
vest was sufficiently large so as not to cause 
any significant deformation in the steel plate 
tself. Finally, the small steel plate was 
-ocated on a half round meta’lic support, which 
was placed on top of two needle rollers FF2535ZW, 
spread at a distance equal to the test beam span.
The settlements at the supports were checked by 
deformation dial gauges one on top of each sup­
port, and the average deflection at support was 
subtracted from the displacement measured at mid­
span by means of another deformation dial gauge 
located underneath the beam. The central load 
consisted of a device including a loading cell 
and a hydraulic jack. The load cell was connec­
ted to a Huggenburger strain bridge.
Demec strain-measurement targets were located 
in three rows at different levels in the com­
pressive zone of the beam. The first rov was 
Located as near as possible to the top of the 
beam; the second row was placed at the calcula­
ted plastic neutral axis, and the third row at 
the neutral axis corresponding to the conditions 
t commencement of yield of the tension steel.
"hf- targets for each row were spaced at a dis- 
ance of two inches (50mm) in such a way as to 
■btaii strains at midspan and at a section two 
nches (50mm) away from midspan. Targets were 
t-laced on both sides of the beam.
h following measurements were recorded during
the test :
(a) amount of reflection at midspan
(b ) amount of deflection of softboard at eac
support
(c ) total rotations at both supports
(d) strains at three different levels in the
compressive zone on the two sides of the
beams by means of a two-inch demountable 
meet ^cal strain gauge.
The maximum compress ive strain, neutral axis 
level and curvature at each section was calcula­
ted assuming a linear relationship between the 
measurements of the strains on the first two 
rows from the compression face. The third row 
was not included directly in the calculations 
because,at loads higher than that of commence­
ment of yielding of steel, these readings 
included tension cracks.
TEST PROCEDURE
Each test beam was removed from cure the day 
before the experiment was to take place. Aftei 
placing the Demec targets on the beam, it was 
placed on its supports and the loading equipment 
was positioned.
It was planned to apply the load in 13 increments, 
The first 5 increments were each made equal to 
15% of the calculated ultimate load; then 3 
increments each made equal to 5%, and the last
5 increments each made equal to 2% of the 
calculated ultimate load.
Each increment of load was applied over less 
than a minute, and the load held constant foi
6 minutes, then the measurements of strain 
readings, deflect'ons and rotations were take 
during the next 5 minutes,so that: the time
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required for each increment of load was about 
12 minutes. Each test for a beam would take at 
least two and a half hours.
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CHAPTER 4
RESULTS AND DISCUSSION
1. 1 INTRODUCTION
The test beams .vere divided into four groups . 
group A consisted of 2 beams regarded as the basic 
tests, group B was composed of 4 beams which were 
tc determine the effect of binders and beam width, 
group C consisted of 5 beams in which the effect of 
span would be highlighted and finally group D which 
consisted of 3 beams which would take into account 
the effect of the properties of the reinforcement 
on the rotational capacity of beams.
All beams in these tests were under-reinforced and 
failed by crushing of the concrete after the tension 
reinforcement had yielded.
The first visible flexural cracks appeared at be­
tween 15% and 30% of the ultimate load of failure. 
These cracks grew wider and slowly extended towards 
the compression zone as the load was increased.
4 . 2 IDEALIZED LOADING SYSTEM
The load at midspan was spread to the beam by a 
20mm wide and 1Omm thick steel plate, and therefore 
the load was assumed to be spread as shown in Fig. 
4.1. The moment at midspan was assumed to be .
M * B1 PL Eqn•4 •1
4
w n e r e B1 = 1
" ( t 2 )
w = plate width 
L = span of beam
Plate width
c J | Neutr > 1 Ak[1~
(a) A c t u a l  L o a d i n g  S y s t e m  
P
 ^  L .2--  —-r'
w*2c
(b) I d e a l i z e d  L o a d i n g  System at  Level of N e u t r a l  A x i s
^ 2 = )
(c) S e n d i n g  m o m e n t  d i a g r a m
FIGURE 4.1 Spread of Load at Midspan
The moment at 50mm away from midspan was assumed 
to be :
M » 82 P fL - 0,0508 )
\
Eqn.4.2
w h e r e  6 2
0508 \
( k - 0,0508 ) (W i-2C )_
Table 4.1 shows the reduction factors f o r botn sec­
tions and by comparing these results it can be 
seen that the values assumed for a section 50mm away 
from midspan are almost identical to the values 
corresponding to that section using the straight line 
bending moment diagram based on a maximum moment at 
midspan of PL/4.
'BEAM
MAXIMUM 
LOAD 
P 
[ KNl
SPAN 
[ mm 3
MOMI NTS AT MIDSPAN M0MIN1S 50m,n FROM MIDSPAN
Straight 
Lined1! /4)
Assumed
Lqn.4.1 81
Straight 
L i no
Assumed
Eqn.4.2 B2
IkN.Ml ______IkN.Ml
A1 23,94 1500 8,97 8,68 0,96 8,36 8,36 0,99
A2 36,40 1500 13,65 13,07 0,95 12,72 12,69 0,99
01 23,32 1500 8, 74 8,44 0,96 8,15 8,14 0,99
B2 28,47 1500 10,67 10,33 0,96 9,95 9,93 0,99
B3 49,00 1500 18,37 1 7 , 76 C , 96 17.13 17,11 0,99
B4 49,50 1500 18,56 18,01 0,97 17,30 17,30 0,99
C1 45,50 2250 25,59 24 ,55 0,95 24,43 23,86 0,97
C2 35,29 1000 8,82 8,48 0,96 7,92 7,91 0,99
C3 60,48 1500 22,68 21,35 0,94 21, 14 20, 98 0,99
C4 17.42 2250 9,79 9,56 0,97 9,35 9,35 0,99
C5 9,86 1125 2,77 2,68 0,96 2,52 2,52 1 ,00
D1 26 ,66 1500 9,99 9,68 0,96 9,32 9,31 0,99
02 37,20 1500 13,95 13,34 0,95 13,00 12,92 0,99
03 29,44 1500 11,04 10,50 0,95 10,29 10,23 0,99
TABL_E 4_. 1 : Momenta and Reduction factors for’ Two Sections
At Midspan and at 50mm away from Midspan
ui
U1
For midspan section, the assumed moments are slightly 
lower than the corresponding straight line max .mum 
moments which was logical to expect. This means 
that provided the length of the loading plate is 
small, the loading pattern has little effect on 
the maximum moment.
TERMINOLOGY USED IN INTERPRETING RESULTS
1 Theoretical Values
The theoretical ultimate moment was evaluated on 
the basis of the ACI code according to the follo­
wing formula
M = A f (d - a ) Eqn.4.3
u s y %
where a = A f
0,85. f‘cb
The hypothetical value of theoretical elastic rota­
tion at ultimate moment at either end of the beam, 
corresponding to the onset of plastic rotation, 
was obtained by means of the first moment-area 
theorem. An average flexural rigidity was obtained 
from the theoretical moment-curvature curve , cor­
responding to the slope between two points repre­
senting 0,4 and 0,6 of the ultimate moment.
2 Experimental Results
Where experimental results for maximum values of 
compressive strain of concrete, curvature, neutral 
axis depth and rotation are reported, they corres­
pond to the instant at which the maximum load on the 
beam was reached under increasing load; or to the 
load just before this ultimate load was achieved at 
the preceding loading increment.
The hypothetical value of experimental elastic 
rotation at ultimate moment at either end of the 
beam was calculated in the following way. It was
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assumed that the load-deflect ion curve at mid­
span could be divided into two regions : one
region representing elastic deformation and 
another region associated with inelastic or 
plastic deformation. The load was identified 
at which plastic deformation began, and the cor­
responding moment evaluated. A secant line was 
drawn from the origin through the point on the 
momert-end rotation curve corresponding to this 
moment.and this line was extenued to give the 
elastic rotation at a moment equal to the moment 
of resistance calculated according to the ACI 
code. This rotation was regarded as the experi­
mental elastic rotation associated with the onset 
of plastic rotation for half span of the beam. 
This procedure is illustrated in the load- 
deflect ion curve and the moment-end rotation curve 
for beam A 1 , shown in Figs. 4.4a and 4.4b respec­
tively.
The experimental inelastic end rotation was ob­
tained by subtracting the experimental elastic 
rotation from the total experimental rotation 
for the half span of the beam at maximum load.
4.4 GENERAL RESULTS
Failure of the concrete compressive zone in flexure 
did not occur until the maximum concrete compres­
sive strain exceeded 0,003. A photograph showing 
the response of a beam as the load approaches 42,8% 
of the ultimate load and a compressive strain 
equal to 1446 x 10 is displayed in Fig. 4.2a, 
and Fig. 4.2b shows the same beam under a load 
corresponding to 78,6% of the ultimate load with 
a concrete compressive strain of 3196 x 10~6 ; 
and finally Fig.4.2c displays the same beam at 
the end of the test. At ultimate load the con­
crete compressive strain was 9585 x 10- .^
mFIGURE 4.2i 
Beam 83 at 42,8% of ultimate load.
FIGURE 4.2b 
Beam 83 at 78,6% of ultimate load.
FIGURE 4.2c 
Ream 93 at the end of the test
Figure 4.3 illustrates the theoretical values 
and experimental results for the relationship 
between moment or neutral axis height and curva­
ture for beam A 1 . For the same moment ratio, tne 
experimental results of curvature were found to 
be greater than the theoretical values, indicating 
that more ductility was obtained than was expected.
For convenience, test results for each ceam ot 
experimental load-deflect ion and moment-end 
rotation curves, together with theoretical ana 
experimental plots of the ratio of moment to 
theoretical ultimate moment and the ratio of 
neutral axis depth to effective depth as a ’•unc­
tion of curvature are shown in Appendix 3 
The properties of the different beams are summa­
rised in Table 3.1 and the main test results are 
tabulated as follows :
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Table 4.2 comparison between different expressions For 
maximum concrete compressive strains a u.- 
timate moment with the results obtaineo 
the ex pe rimen t .
Table 4.3 Comparison between different expressions or
----------  tbe ratio of neutral axis depth to effective
depth at ultimate moment with the results 
obtained in the experiment.
Table 4 .4 . Comparison between theoretical ultimate mo- 
ments and the experimental maximum moments.
Table 4.5 Total, elastic and plastic rotations for half 
span of each beam.
Table 4.6 Ductility expressed as the ratio of maximum 
curvature to curvature at first yield of the 
tension reinforcement, and rotation capac 
(ratio of inelastic to elastic end rotation 
for each beam.
Table 4.7 Comparison of spread of plasticity lp 
"  accoroing to Corley-Mattock (Eqn.2.21) and the
experimental results evaluated using tqn.2.
From Table 4.2 it can be seen that the values 
for maximum concrete compressive strain ob­
tained by using Corley's and Mattock’s equalic 
(Eqn.2.20 in Chapter 2) are too optimistk  
but the results obtained by using the CE8-F 
expression and the theoretical program are 
definitely too conservative. The uE8-FIP 
expression used is as follows .
Cc2 = 0,003 + 0,0002(50-fc ) Eqn.4.4
f is : the cylinder strength in MPa.wnere
~ 3 S E = ? : = S -
axis expression used according to Kemp ^ a s  .
XPU ■ ’ o ^ r r ^ b  eon.a.sa
i l l l B
served.
l i i a i
from the following expression .
E q n .^ .5b
     ^
where Z1 = d ( 1 - 2 x O.bTT^xbxd
and the value 0,6 does not include the partial material 
factor of 1,5 for concrete.
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VARIABLES AFFECTING ROTATION CAPACITY
Theoret ical and Experimental Moment 
a7T(J Neutral Axis Ratio-Cur7ature Curves
The comparison between theoretical and experi­
mental moment and neutral axis rat io-curvature 
curves is shown in Appendix 3, and from these 
curves it can be noticed that the moment rat io- 
curvature curves differ significantly once 
flexural cracking occurs. At a particular value 
of moment the experimental curvatures are consi­
derably greater than the theoretical curvatures. 
As the comparison between theoretical and experi­
mental neutral axis depths is reasonably good, it 
can be concluded that the differences relate to 
the compress 1ve strain on the outer fibre of the 
concrete at which the moment reaches its maximum 
value.
The main parameters that affect the maximum com­
pressive strain of a singly-reinforced simply- 
support concrete beam are the concrete strength 
and str ess-strain curve, the tensile steel 
strength and strain-hardening properties, amount 
of tensile reinforcement, the span and width of 
the beam and also the rate of loading. The dif­
ferences between experimental and theoretical 
values of these variables together with others 
such as effect of binding may explain part of 
tnese observed differences in maximum concrete 
strain.
It should be ment oned that there could have 
beer a possible oond failure which would reduce 
the strain in the steel as shown in Fig 4.5, 
and therefore for the same curvature in the 
concrete a lower value of moment would be
4.5
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VARIABLES AFFECTING ROTATION CAPACITY
Theoretical and E ’  ^imental Moment 
and Neutral Axis io-Curvature Curves
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X The comparison between theoretical and experi­
mental moment and neutral axis ratio-curvature 
curves is shown in Appendix 3, and from these 
curves it can be noticed that the moment rat io- 
curvature curves differ significantly once 
flexural cracking occurs. At a particular value 
of moment the experimental curvatures are consi­
derably greater than the theoretical curvatures. 
As the comparison between theoretical and experi­
mental neutral axis depths is reasonably good, it 
can be concluded that the differences relate to 
the compressive strain on the outer fibre of the 
concrete at which the moment reaches its maximum 
value.
The main parameters that affect the maximum com­
press ive strain of a singly-reinforced simply- 
support concrete beam are the concrete strength 
and stress-strain curve, the tensile steel 
strength and strain-hardening properties, amount 
of tensile reinforcement, the span and width of 
the beam and also the rate of loading. The dif­
ferences between experimental and theoretical 
values of these variables together with others 
such as effect of binding may explain part of 
t n s e  observed differences in maximum concrete
Strr> i n .
It should be mentioned that there could have 
been a possible bond fa lure which would reduce 
the strain in the steel as shown in Fig 4.5, 
and therefore for the same curvature in the 
concrete a lower value of moment would be
72
•on j made up of three components: 
.a) chemi< al adhesion, (b ) friction, and (c)
mechanical interaction between concrete and 
tee1. Bond of plain bars depends primarily on 
• lie first two elements, while bond of deformed 
depend mainly on mechanical interlocking 
t" concrete and steel. At c racks, in reinforced 
ncrete members, the stress ’n the steel rises 
.viiile at positions in between cracks the stress 
the steel has a lower value; therefore bond 
editions at cracks and in the immediate sur- 
ounding concrete are more severe and local bond 
■ i lure may take place.
i'ond factor F was introduced by Baker1"where 
he train 01 steel is related tc the strain of 
i cone re ti ■. t the ov»er compress' on surface of
the concrete. i.e.:
Eqn.4.6
” d-C)
his bon d  factor is equal to one (1) for full 
iiond c o n d i t  io n s  and as this factor decreases, 
its negative influence upon the steel strain
increases.
Also from Fig. 4.6 which corresponds to beam 
C3 it can be seen that uond failure seems to 
ffect a section near midspan more than at the 
midspan itself, this is reasonable since major 
racks sometimes develop at sections near mid­
pan c nd occur symmetrically on both sides of 
he midspan sect in However this was the only 
cam for which curvatures were reported to be 
ign'iicantly lower at midspan than for a section 
near midspan.
1 / -
—
y
S
cs/F
FIGURE 4.5
From Fly.4.7 it can be seen that, as expected, 
the moment rat io-curvature curves for a sect ior 
at midspan and at a section near mid span (ROrnn. 
have a similar trend and similar results wer 
obtained in all the other tests except for be, ir C
4.5.2 Effect of Tension reinforcement
Fig.4.8 displays the load ratio 
at midspan for beams A 1 , D 1 , 0 2  and 03. A ' 
these beams are capable of undergoing large 
deflections near maximum load and therefore i ov 
a ductile behaviour. Beams A1 and 03 are rein­
forced by high tensile steel with a percentage 
of steel x yield -tress of steel equal to 667,> 
and 9 9 9 , 1 2  respectively; beams 01  and 02 ar< 
reinforced with mild steel and have a percentag 
of steel x yield stress of steel equal to 654,5 
and 880,74 respectively.
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From Fig.4.9 it can be seen that at maximum mo­
ment at midspan, greater curvatures are reached 
by beams D1, then A 1 , followed by beams 02 and 03. 
This was expected because at lower values of 
percentage of steel x yield stress of the steel 
(01 and A1), the curvature is expected to be greater.
Fig. 4.10 shows clearly that as the percentage 
of steel x yield stress is increased, the total 
rotation for half span of the beam is reduced.
Beams A1 and 01 had a very similar percentage of 
steel x yield stress varying only by 3,5%, and 
beams 02 and 03 had also a similar amount varying 
by 13,5%, but about 40% higher than beams A1 
and O'1 .
Fig. 4.11 shows that beams A1 and 01 have a simi­
lar and higher total rotation than beams 02 and 03 
for the maximum moment raf io.
Fig. 4.12 illustrates the inelastic rotation for 
half span and shows not only that as percentage 
of steel x yield stress of the reinforcing de­
creases the inelastic rotation increases, but 
also highlights the important aspect that beams 
01 and 02 wnich are reinforced with mild steel 
bars, display higher inelastic rotations than 
beams A1 and 03 with high tensile steel. These 
findings are magnified when considering rotation 
capacity as shown in Fig. 4.13.
Effect of Span
Initially it was thought that rotation capacity 
was a function of span to depth ratio and there­
fore three different ratios for L d were tested. 
Ratios of 8 (beams C2 and C3), 12 (beams A1 and C1 ) , 
and 18 (beams C4 and C5) were chosen and both 
beams for each ratio were tested and compared.
In beams C2 (span = 1000mm), A1 (span = 1500mm) 
and C4 (span = 2250mm) all variables were kept 
the same except span. It can be seen from Figure
4.14 and Table 4.6 that the rotation capacity of 
these three beams reduces significantly as the 
span is increased. A similar trend is observed 
in the maximum concrete compressive strain, as 
recorded in Table 4.2. This important observa­
tion may be expressed in terms of a greater strain 
capacity existing in beams with higher strain 
gradients along the length of the beam. An al­
ternative way of expressing this may be that 
crushing occurs in a beam where the compressive 
strain exceeds the strain at maximum stress over
a limited length, which does not increase with span
In beams C 3 , A1 and C5 the 1/d ratio was increased 
by changing the effective depth (and to a lesser 
degree the span) while maintaining the same A^/bd 
and x/d ratios. It can be seen in Figures 4.14,
4.15 and 4.16 that no clear relationship exists 
between ductility and either the span or the ef­
fective depth in these three beams. It is a pity 
that the rotation measurements in test C5 appear 
somewhat in doubt in terms of the comparison of 
theoretical and experimental elastic rotations 
in Table 4.5. In this test the 1/d ratio was 
increased to 18 but the span was reduced to 1125mm 
It therefore appears that the improved ductility 
achieved in tests C 2 , A1 and C4 as the span is re­
duced, is not so much a function of 1/d as span 
itself. The maximum compressive strain achieved 
is influenced by both span and effective depth.
Figs. 4.17a, 4.17b and 4.18 indicate that there 
seems to be no clear relationship between the 
ratios span height of stress block and span 
to effective dept . with respect to rotation 
capacity. It is indicated subsequently that this
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may be related to weaknesses caused when the 
depth of the stress block and cover to the binders 
are of similar dimensions (test C 5 ) .
Table 4.7 compares the experimental results of 
the spread of plasticity with the formula derived 
by Corley and Mattock (Eqn.2.21 in Chapter 2), 
and it appears that there is really no evidence 
that this formula can be regarded as a general 
expression. Apparently effective depth and span 
alone are not the only main parameters as can be 
seen in Figs. 4.19a and 4.19b.
4.5.4 Effect of Height and Stress Block
Figs. 4.20, 4.21 a , and 4.21b show that the ratio height 
of stress block to effective depth give a scattered 
result with respect to inelastic rotation and rota­
tion capacity, although ductility appears to increase 
as this ratio decreases.
CE8-F1P code has modelled a curve for the ratio 
neutral axis to effective depth-inelastic rotation, 
and this curve has been superimposed in Fig.4.22 
which uses a ratio of height of stress block to 
effective depth. This slight change does not 
affect the results significantly, since the ratio 
of neutral axis depth to height of stress block 
is reasonably constant. It can be seen from Fig.
4.22 that the CEB-FIP relationship represents a 
fairly good lower boundary for the expected in­
elastic rotation. It should be noted that in 
Figs. 4.21 and 4.22 the highest rotation capaci­
ties were observed in beams C2 and C5 which were 
the shortest spans tested.
4.5.5 Effect of Binders and Width of Specimens
From Tables 4.5 and 4.6 it can be seen that uy 
comparing a beam with no binders at all (B2), 
to a beam with minimal amount of binders ac­
cording to CP110 code design (A1) and to a beam
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with twice the minimal amount of binders ac­
cording to CP110 code design (B1 ) , there nc * 
very much difference in rotation capacity 
function of quantity of binders. More tests 
were needed with much closer links and with di•- 
ferent diameters of steel to be able to estab 1 is 
a clear trend. Comparing beam A1 with minimal 
binders and beam B2 with no links, indicates 
that the maximum compressive strain of the con­
crete appears to be higher as links are used 
(Table 4.2).
Only two beams, 63 and B4 were tested so as to 
gain a feeling for the effect of width on rota­
tion capacity. No clear trend emerged but it 
should be noted that the provision of binders 
in beam 83 did not influence the maximum compres­
sive strain (Table 4.2) or the ductility (Tables 
4.5 and 4.6) when compared to beam 84 without 
binders. This may imply that at the very low 
depths of compressive stress block which occur 
in wide beams with small percentages of rein­
forcement, links do not have a beneficial effect 
because tne critical concrete in compression i 
largely located at the level of, or outside tr 
concrete contained by the stirrups. It is of 
interest that unlike earlier tests by Corle;
14
and Mattock , the significant influence o : 
on rotation capacity was not observed in these 
tests and that this could prooably be ascribe 
to the fact that no compression re inforcemr- 
was provided in this series of tests.
Effect of Co-"' "eta Strength
One of the disconcerting results obtained t 
tests was the reJuction in relation capacit fr . 
0,81 in A1 and to 0,18 in test A2 in vh . ■ - : 
ratio of stress block height i • effective depth
was maintained effectively constant while the 
area of reinforcement and concrete strength were 
increased by 50%. This is contrary to establi­
shed theory which would predict equal ductility 
in these two beams. It is recognized that one 
test is insufficient to draw firm conclusions 
but the extent of the reduction in both rotation 
capacity and maximum compressive strain (Table
4.2) certainly justifies a more detailed invest! 
gation of concrete strength.
CHAPTER 5
CONCLUSIONS 
Experimental Review
The purpose of the tests performed was to inves­
tigate the behaviour of some variables affecting 
rotation capacity, the main variables are :
(i) Effect of type of tension reinforcement;
(ii) Effect of span;
(iii) Effect of binders and width of specimens.
It is recognized that within the scope of a six-
month project, it is not possible to provide firm 
conclusions on the influence of each of these 
variables. The intention was rather to provide a 
survey of the relative importance of each of these 
effects which are not considered in design codes.
Test Results
The maximum concrete compressive strain at a 
section of maximum moment may be well over values 
assumed by various design codes. Consequently, the 
ultimate curvature and plastic rotation also can be 
much greater than that calculated on the assumed 
value of maximum concrete compressive strain speci­
fied by codes.
In this investigation, Corley’s and Mattock's equa­
tion for maximum concrete compress ive strain (Eqn.
2.2) seemed to be too optimistic, while the CE3-F1P 
expression ( Eqn. 4.4) and the theoretical program's 
values were definitely too conservative; also the 
low value of 0,003 established by the ACI code is 
too conservative. A precise formula to assess a 
true value of the maximum concrete compress ive 
strain may be difficult to establish since this 
parameter is a function of several variables 
including : concrete strength, stress-strain
characteristics of the concrete, tensile steel 
strength and its strain-hardening properties, 
amount of tension and compression reinforcement, 
rate of loading and other important parameters 
such as span and influence of binders. It appears 
from Table 4.2 that Corley and Mattock's formula 
is most in error in predicting the effect of 
concrete strength and stress block depth.
An increase in the tension steel content Asfy/fcbd 
will increase the strength of tne section of a mem­
ber but decreases the flexural ductility as measured 
by the rotation capacity and me,, mum conpressiva 
strain of the member. Beams reinforced with mild 
steel bars display higher inelastic rotations than 
beams with high tensile steel for the same tension 
steel content as measured by Asfy/'*‘cbd .
The experimental and theoretical values of tne 
ductility ratio (^ablo 4.6) are very different 
and this is caused by the high maximum concrete 
compressive strains observed in the tests compared 
to the theoretical values assumed by various codes 
or obtained from the theoretical moment-curvature 
relationships. One possible explanation coulc be 
local bond failure in the cracked region resulting 
in a non-linear strain distribution through the 
depth as illustrated :n Figure 4.5 and reflecting 
the differences in the moment-curvature relation­
ships in Appendix 3.
Rotation capacity appears to be a function of span 
rather than span to depth ratio, or span to height 
of stress block or span to effective depth. This 
is an important result of the tests and is related 
to the influence of strain gradient along the span 
on the maximum concrete compression strain. It 
appears that maximum compress ive strain in the 
concrete is inversely proportional to span and 
influenced by the depth of the stress block.
■t
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The ductility of a section may be expressed 
either in terms of the ratio of ultimate curva­
ture to curvature at first yield of the reinforce­
ment or as a function of the ratio of neutral axis 
depth to effective depth. It was found that the 
CEB-FIP'5 model cone for the ratio neutral axis 
to effective depth vs. inelastic rotation repre­
sents a fairly good lower boundary for the expected 
inelastic rotations. It should be adjusted to 
allow for the influence of span.
Corley's and Mattock’s expression for spread of 
plasticity (lp ) (Eqn.2 . 21 in Chapter 2) aopears 
not to be an effective formula to be regarded as 
a general expression. Apparently effective depth 
and span alone are not the only variables affec­
ting the spread of plasticity.
Although shear reinforcement must be adequate o 
ensure that the strength in shear exceeds the 
strength in flexure, binders alone, without com­
pression reinforcement, seem not to have an effec­
tive beneficial effect on rotation capacity espe­
cially for wide oeams since the compressive stress 
block for these beams are small, and therefore 
the critical concrete in compression is mainly 
located at or above the level of the concrete 
contained by the stirrups. Most reinforced con­
crete beams contain some compression reinforcement 
even when not needed,mainly because of construction 
or code requirements, so that the available ductility 
and rotational capacity is increased. This does 
not apply to slabs but width of concrete will 
compensate in this case. A disconcerting result 
was the substantial drop in both ductility and 
maximum concrete compressive strain in a test in 
which both areas of reinforcement and concrete 
strength were increased by 50% while maintaining 
the same ratio of stress block depth to effective
■102
depth. This requires further investigation.
5 .3 Further areas of research
Lateral reinforcement helps to prevent premature 
shear failure. It would be of great advantage to 
analyze the influence of shear on rotation capacity 
since it is felt that the total amount of rotation 
is a function of the shearing stresses in the mem­
ber . If the shear is large enough for inclined 
cracks to occur the inelastic rotations may be 
fairly large, provided stirrups prevent a shear 
failure, because greater concrete compressive 
strains can develop, and also because steel can 
yield at several sections displaying a larger 
yielded zone. If,on the other hand, the shear is 
so small that inclined cracks do not occur, the 
yield stress of steel may be only reached at the 
crack at the point of maximum moment and the in­
elastic rotation will be smaller.
Another interesting area of study would be that 
of the ratio width to effective depth of a member, 
because differences in behaviour between broad 
(slab) type sections and narrow (beam) type sec­
tions may be established and used to confirm or 
extend other conclusions.
This would also assist in establishing the in­
fluence of stress-block height on maximum con­
crete compressive strain.
«- •'-'W .
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UNIVERSITY OF THE WITWATERSRAi
MATERIALS LABORATORY 
TRIAL MIX DESIGN SHEET
MIX FOR Roberto Donoso__________  JOB Thesis_____________________
Cement Ordinary Portland Cement DATE 23-November-1983.
14th day Compr jive strenth of 31.2Mpa.
Sand 1 ) Granite R D 2.65 F M 3. 5 c B D 1520 L  B D 1520
2 )     ____
Stone 1 ) Quartzite R D 2.7 F M C B D L B D
(13mm— )— ----------------------- ---------------
2) ________
Mix proportions per m 3 
CALCULATED * USED
C/W 1.84
Water 215 Its 225 Its
Cement 396 kg 405 kg
338 kg 840 kg
Stone
y25 kg. 890 kg
Sand
LABORATORY MIX (
0.135
Water 30.38 Its
Cement 54.68 kg
113.40 kg
Stone
120.15 kg.
Sand
S 1 ump
UNIVERSITY OF THE WITWATERSRAND
DEPARTMENT OF CIVIL ENGINEERING - MATERIALS LABORATORY
AGGREGATE GRADING ANALYSIS
D A T E : 2 3-November-33
PROJECT :Rotation Capacity of Reinforced Gnnrrmf* Beams.
SAMPLE NO. DESCRIPTION
COARSE MECHANICAL ANALYSIS (STONE)
TOTAL MASS OF SAMPLE = g
Size
m m
Mass
Retained
g
Z Retained Z Passing
CUMU 
Z Re ta ined
LATIVE
Z Passing
7 5
3 7 , 5
1 9
9 , 5
4 . 7 5
PAN
TOTALS _ J ________
FINE MECHANICAL ANALYSIS (SAND) 
VFATH-fBtl) O'fUVtTe .
TOTAL MASS OF SAMPLE ~ 944.VO g •
Mass CUMULATIVE
Sieve Size Retained Z Retained ZPass ing "Retained ZPassing
N o . mm g
31 4,75 134.30 13.44 13.44 86. 56
7 2, 36 209.70 20.98 34.42 65.53
14 1,18 280.70 28.09 62.51 37.49
25 0 ,600 197.80 19.79 82. 30 17.70
52 0,300 92.80 9.29 91.53 8.41
100 0,150 41.30 4.13 95.72 4.2b
200 0,075 17.50 1.75 2.53
PAN Ml 25.30 2.53
TOTALS 999.40 ICO.00 379.98
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2.4.1 Density - bottle method
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CONCRETE TESTS FOR DIFFERENT DAYS
14 DAYS 28 DAYS 42 DAYS 57 DAYS 59 DAYS
CYLINDER
strength
No.of Tests 3 3 3 2 3
f  (MPa)
c
21 , 77 28,78 32,08 32,485 33,78
Goeff of V arn  
(%)
2,36 1 ,64 8 ,97 8,42 8,39
CUBE
STRENGTH
No. of Tests - — — 3
f (MPa) - cu
- - - 42,36
I
Coeff .of varn. 
(%) 1
- - - 2,79
TABLE 2 : STRENGTH OF CONCRETE ~QR 3EAIV A2
TESTED AT 59 DAYS
CONCRETE TESTS FOR DIFFERENT DAYS
14 DAYS 28 DAYS 42 DAYS 57 DAYS 59 DAYS
CYLINDER
STRENGTH
No.of Tests 3 3 3 2 3
f  (MPa) c 21 , 77 28,78 32,08 32,485 33,78
Coeff .of Yam
(%)
2 , 36 1 ,64 8,97 8,42 8,39
CUBE
STRENGTH
No. of Tests - — — 3
f_ , (MPa) - cu
- - -» 42,36
Coeff .of Vam. 
(%) 1
- - - 2,79
TABLE 2 : STRENGTH OF CONCRETE FOR BEAM A2
TESTED AT 59 DAYS
APPENDIX 2
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